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Abstract 

Relativistic bipartite entangled quantum states is studied to show that Nature 
doesn't favor nonlocality for massive particles in the ultra-relativistic limit. 
We found that to an observer (Bob) in a moving frame S' , the entangled 
Bell state shared by Alice and Bob appears as the superposition of the Bell 
bases in the frame S' due to the requirement of the special relativity. It is 
shown that the entangled pair satisfies the Bell's inequality when the boost 
speed approaches the speed of light, thus providing a counter example for 
nonlocality of Einstein-Podolsky-Rosen(EPR) paradox. 

Entanglement of bipartite quantum states is of fundamental interest for quantum infor- 
mation processing such as quantum computation 0, teleportation ||- [|ll|] and clock 
synchronization 101 • How does the entangled quantum states appear to an observer 



in a different Lorentz frame would be an interesting question, potentially related to the 
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clock synchronization problem. Another unsolved problem, perhaps more important than 
the above one, is the violation of the local causality in quantum mechanics by measurement 
process, so called, the Einstein-Podolsky-Rosen(EPR) paradox [[15] and the Bell's theorem 
fIT]| , suggesting the existence of an instantaneous action between distant measurements. 
This subtle question still remains to be answered even though there have been several works 
|17| - relating the relativity, entropy, entanglements and the quantum operations. Re- 
cently, Czachor [^] suggested that the degree of violation of the Bell inequality depends on 
the velocity of the pair of spin-| particles with respect to the laboratory and it would be 
interesting to study the Bell's inequality of relativistically entangled quantum states. 

One of the conceptual barriers for the relativistic treatment of quantum information 
processing is the difference of the role played by the wave fields and the state vectors in 
the quantum field theory. In non-relativistic quantum mechanics both the wave function 
and the state vector in Hilbert space give the probability amplitude which can be used to 
define conserved positive probability densities or density matrix. On the other hand, in 
relativistic quantum field theory, the wave fields are not probability amplitude at all, but 
operators which create or destroy particles in spanned by states defined as containing definite 
numbers of particles or antiparticles in each normal mode [25|. Moreover, there has been 
a quandary ||17|| - [|l9fl whether the quantum states are Lorentz covariant but according to 
Weinberg [^| , the quantum states viewed from different reference frames can be represented 
by the Lorentz transformation. 

More recently, Alsing and Milburn p3f studied the Lorentz invariance of entanglement 
and showed that the entanglement fidelity of the bipartite state is preserved explicitly. To the 
best of our knowledge, their work is the first detailed calculation of the relativistic quantum 
entanglement of bipartite state. However, in their approach, it is not quite clear whether the 
entanglement is for the quantum state or the quantum fields because they started from the 
entanglement between the 4-spinors for the Dirac field. In quantum field theory, the role of 
the field is to make the interaction or the S-matrix satisfying the Lorentz invariance and the 
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cluster decomposition principle. On the other hand, the information of the particle states is 
contained in the state vectors of the Hilbert space spanned by states containing 0, 1, 2, • ■ ■ , 
particles as in the case of non-relativistic quantum mechanics [^2] . 

In this article, we study the Lorentz transformation properties of entanglement of bipar- 
tite quantum states in the Hilbert space and provide the counter example for the nonlocality 
of the EPR paradox. Throughout the article, we follow Weinberg's notation A multi- 
particle state vector is denoted by 

*Pi,oi»2,o !! ;- = o + (pi, °l)a + (P2, <7 2 ) ■ • ■ ^o, (1) 

where Pi labels the four-momentum, <jj is the spin z component, a + (j?i, <Ji) is the creation 
operator which adds a particle with momentum pi, and spin <7j, and \l/o is the Lorentz 
invariant vacuum state. The Lorentz transformation A induces a unitary transformation on 
vectors in the physical Hilbert space 

¥ -> U(A)V, (2) 
and the operators U satisfies the composition rule 

U(A)U(A) = U(AA), (3) 
while the creation operator has the following transformation rule |E| 



U(A)a+(p,a)U-\A) = J^^v!£mKp))a + (jPk,e). (4) 



Here, W(A,p) is the Wigner's little group element given by 

W(A,p) = L- 1 (Ap)AL(p), (5) 

V^\W) the representation of W for spin j, p^ = (p,p°) and (Ap)^ = (pX, (Ap)°) with 
H = 1, 2, 3, 0, and L(jp) is the standard Lorentz transformation such that 

p» = lt(p)W, (6) 

where k v = (0, 0, 0, m) is the four-momentum taken in the particle's rest frame. 



The relativistic momentum-conserved entangled Bell states for spin ~ particles in the 
rest frame S are defined by 

^oo = \) a+ (~& \) + a+ & ~lW(-P, ™)}*o, (7a) 

*oi = T7|{ a+ (£ \) a+ (-P> \) ~ a+ & -\) a+ (-& ~2)}*o, (7b) 

*io = ^KO^ ^) a+ (-# + a+ (£ -\) a+ (-& ^)}^o, (7c) 

* n = 4 {a + (p, ^)« + (-P, -i) " a + (P, i)}*o, (7d) 



where is the Lorentz invariant vacuum state. It is straightforward to see that the 



momentum-conserved Bell states ([7aD — ( 7d|) have both the space inversion (V) and the 
time-reversal (T) symmetries. 

For an observer in another reference frame S' described by an arbitrary boost A, the 
transformed Bell states are given by 

¥<, - U(A)%j. (8) 
For example, from equations (||) and flTa|), £/(A)\I/oo becomes 
t/(A)* M = i={C/(A) <1 +(p-,i)(7- 1 (A)C/(A)o + (-p,i)C/- 1 (A) 

+t/(A)a+(p, -ijCT^AJ^AJo+t-p, -i)a-'(A)}t/(A)*„ 



+ 1 



'(Ap)° (I) 



(APp)° (i) 



^K-^ W ^P))\ \^Vy_,{W{^Vp))a + {p^a)a + {p^a')}^, (9) 

and so on. Here V is the space-inversion operator. For simplicity, we assume that p is in 
z-direction, p = (0, 0, p) and the boost A is in x-direction. Then, we have 

10 
10 
coshr/ sinh?7 
sinhr] coshr? 



Hp) 



(10a) 
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L(Vp) 



10 
10 
cosh 77 — sinh 77 
— sinh 77 cosh 77 



(10b) 



and 



A 



(10c) 



cosher sinhcj 
10 
1 
sinh 77 coshu; 

where 77 and u are the boost in z- and x-directions, respectively. The matrix representation 
of the Wigner's little group W is given by |24| 



V { )l(W(A,p)) 



( 



cos if —sin if 



sinhf cos 



(11a) 



and 



2>^(W(A,7>p)) = 

where the Wigner angle f2 p is defined by 

tanfL 



cos 



sin 



\ \ \ 



v -sin(%) cos(%) y 



sinh 77 sinh a; 



(lib) 



p cosh 77 + cosh ui 
By substituting equations ( [Lla| ) and ( |llb| ) into equation (^j), we obtain 



(12) 



1, 



fAo) 111 1 

^(A)*oo = cosnp-^{a+(a -)a + (-p, ~) + a + (p, -~)a+(-p, --)}* 

(Ap)° 11 1 11 

" smQ n —{a + {p,-)a + {-p,--)-a + {p,--)a + {-p,-)}^ 



(An) 



(13a) 



where ty'ij is the Bell states in the moving frame S' whose momentums are transformed as 
p — > pa, — P — > — Pa- Likewise, we have 
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U(A)*oi = ^*oi, (13b) 
(Av)° 

U(A)9 W = K -jr*'io, , (13c) 



and 



(Av)° 

U(A)V n = ^-{smtt p % + cosQ p ¥ u }. (13d) 

If we regard \£y as Bell states in the moving frame S', then to an observer in S', the 
effects of the Lorentz transformation of the bipartite entangled Bell states should appear as 
the superpositions of Bell states in the frame 5". 

The implications could be non trivial. One of the controversies in modern physics is the 
violation of the local causality of relativistic quantum field theory during the measurement 



process [2S|. This is based on the EPR paradox [15] and the Bell's theorem [IB|, which 
suggest the existence of nonlocal instantaneous action between distant measurements. In 
the following, we investigate whether a supposed nonlocality is a real physical property of 
the quantum theory, more specially, the result of state collapse description by studying the 
case of an entangled state shared by Alice and Bob in the relativistic regime. For example, 
consider Alice in the frame S and Bob in the frame S' (initially coincide with S) moving 
in the x-direction share entangled pair of atoms whose electrons have opposite momentum 
prepared at certain time t — 0. At time t — 0, the entangled state shared by Alice and Bob 
is assumed to be ^od 8 , 

K B = *oo 

= -^{ a+ A& \) a U~P, \) + at(p, ~\Wb{-P, -g)}*^ (14) 

Here A and B denote particles belong to Alice and Bob, respectively. When the reference 
frame S' where Bob is in, is moving, the Lorentz boost A will affect only the Alice's state 
and as a result the global unitary transformation can be written as 

Uab = U a (A)®I b , (15) 



where Ua,(A) is the unitary transformation representing the Lorentz boost upon Alice. Then 
the quantum state from Bob's point of view is given by 



+V%(W(A,p))a+(p A ,a)aU-p,-b}*a 



= y^^fcos— ^{a^(p A , -)a5(-p,-) + aJ(p A ,-2)«B(-P>-2)} 
- sin y 77|{ a i(PA, ^)at(-p, ~) - a+(p A , ~)a+(-p, ^)}]* 

^V^bos^r-sin^r], (16) 

Now Alice performs the measurement of the spin in the +z direction at time t — r. Since the 
Bell state Uab(A)^/q B viewed from Bob in the frame 5" is a linear combination of ^'^ B and 
^'^ B , when Alice measures her spin in the positive z direction, Bob's spin state is still a linear 
combination of | + 1) and | — |). This leaves Bob's spin direction undetermined contradicting 
the EPR paradox. On the other hand, in the non-relativistic quantum mechanics, Bob's 
quantum state is determined instantaneously as a result of collapse when Alice does her 



measurement which results in the violation of the Bell inequality or the EPR paradox |26 
In order to justify our argument, we have calculated the average of the Bell observable 

c(a, a', b, b') =< a <g> b > + < a <g> V > + < a! (g b > - < a! ® V > (17) 

where a, b are the relativistic spin observables for Alice and Bob, respectively, related to 
the Pauli-Lubanski pseudo vector which is known to be a relativistically invariant operator 
corresponding to spin []2D| P7| - [ f^ . Normalized relativistic spin observables a, b are given 
by 0, 

f. _ (Vl-/3 2 a± + a||) -° ^ 



1 + /3 2 [(n ■ a) - 1] 

and 



b = b-a, (19) 
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where h is the direction of the Lorentz boost, (3 = v/c, a± and an are the components 
of a which are perpendicular and parallel to the boost direction, respectively. Moreover, 
\a\ = \b\ = 1. Then, after some mathematical manipulations, we obtain 

< a®i> >= ; \(b x cosQ v + b z smQ v )a x — b v a v J 1 — 3 2 

/ 1+P 2 (a 2 x -1) V 



+ y 1 — (3 2 {b z cos f2 p + b x sin fi p )a z ], (20) 

for the state given by the equation (|i~6l) . We now consider the vector a = (-4=, —^75, 0), a' = 
(— ^j, — 0), 6 = (0, 1, 0), b' = (1, 0, 0) which lead to the maximum violation of the Bell's 
inequality in the non-relativistic domain, Q p = and (3 = 0. Then the Bell observable for 
the 4 relevant joint measurements becomes 

< a (g) 6 > + < a <g> 6' > + < a' <g>b > - < a ®b' > 

1 1 -/3 2 + cosfi p ) < 2, (21) 



in the ultra-relativistic limit where f3 = 1 and fi p 7^ 0. So the relativistic entangled states 
(|i~6l), satisfies the Bell's inequality at least in the ultra-relativistic limit. Moreover, in the 
limit (3 — > 1, the expectation value of the spin correlation < a <g> b > becomes 

< a <8> b >= — —Ab x cosQp + b z sin Q p ), (22) 

I &x I 

suggesting that Alice's and Bob's measurements are not correlated at all. One might ques- 



tion the validity of our result since there are experimental evidences [[SO]- |32[ showing the 
violation of Bell's inequality which suggests that reality is nonlocal. It may be irrelevant 
whether the entanglement is maintained or not at ultra-relativistic limit because Eq.(|22"D is 
the result of the transformation of both spin and Bell states. So far the experiments that 
test Bell's inequality are done with entangled photons which are massless, not with spin-| 
massive particles. It is interesting to note that the representation of the Wigner's little 



group W for the massless particle is diagonal [22], i.e 



V aa ,{W) = exp(i0<r)<W, (23) 



where 9 is the angle related to the Lorentz boost A. So the form of the entanglement is left 
invariant even after the Lorentz boost and this will give the similar results as in the case of 
non-relativistic quantum mechanics. However, for massive particles, it doesn't look like that 
Nature favors nonlocality suggested by the EPR paradox at least in the ultra-relativistic 
limit if one wants to reconcile the principles of quantum mechanics with those of special 
relativity. 

In conclusion, we studied the Lorentz transformation of the bipartite entangled quantum 
states explicitly and found that to an observer in a moving frame, the Bell states appear as 
rotations (or linear combination) of the Bell bases in that frame. It turns out that the joint 
measurement of spin variables are not correlated at the ultra-relativistic limit because the 
Lorentz transformation of both spin and the Bell states. 
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